Abstract. Generating functions for the univariate complex Hermite polynomials (UCHP) are employed to introduce some non-trivial one and twodimensional integral transforms of Segal-Bargmann type in the framework of specific functional Hilbert spaces. The approach used is issued from the coherent states framework. Basic properties of these transforms are studied. Connection to some special known transforms like Fourier and Wigner transforms is established. The first transform is a two-dimensional Segal-Bargmann transform whose kernel is related the exponential generating function of the UCHP. The second one connects the so-called generalized Bargmann-Fock spaces (or also true-poly-Fock spaces in the terminology of Vasilevski) that are realized as the L 2 -eigenspaces of a specific magnetic Schrödinger operator. Its kernel function is related to a Mehler formula of the UCHP. 35A22; 44A15; 33C45; 42C05; 42A38; 32A10
Notations and motivations
We denote by L 2,ν (X) the Hilbert space of all square integrable functions on X = R, R where dλ is the Lebesgue measure on X with dλ(s) = dx, dx z dy z , dx z dy z dx w dy w for s = x ∈ R, s = z = x z + iy z ∈ C R 2 and s = (z, w) ∈ C 2 , respectively. We denote by F 2,ν (X) the Bargmann-Fock space constituted of all holomorphic functions on X, when X = C or X = C 2 , belonging to L 2,ν (X),
Part of the motivation of the present work comes from the recent investigations in the theory of the UCHP which have played a crucial rule in obtaining our transforms. Such polynomials have been employed in many branches of Mathematics, including Markov process, the nonlinear analysis of travelling wave tube amplifiers, signal processing, the singular values of the Cauchy transform, coherent states theory, combinatorics and the distribution of zeros of the automorphic reproducing kernel function. For basic properties on these polynomials we refer to [3, 6, 9, 11, 15] .
In fact, we employ generating functions for the UCHP in order to obtain nontrivial one and two-dimensional integral transforms of Segal-Bargmann type in the framework of specific functional Hilbert spaces and study their basic properties, including the connection to some special known transforms like Fourier and Wigner transforms.
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Introduction
The one-dimensional Segal-Bargmann transform [4, 22] establishes an isometric isomorphism from the Hilbert space L 2,ν (R) onto the Bargmann-Fock space F 2,ν (C). It is specified with the formula (with a slightly different convention from the classical one)
where
2 is the analytic continuation to C of the standard Gaussian density on R. Such transform has found many applications in quantum optics, in signal processing and in harmonic analysis on phase space. A nice overview of its properties and applications can be found in [7, 19] . Many generalizations have been considered in the literature including the Hall's transforms for compact Lie groups [12, 13, 18] as well as the so-called generalized Segal-Bargmann transform of level n (see [17] where there ν = 1),
where H ν n (x); ν > 0, is the n th rescaled real Hermite polynomial defined by
so that one recovers the standard Segal-Bargmann transform in (1) when taking n = 0. Up to a multiplicative constant, the transform B 1,ν n coincides with the isometric operator considered by Vasilevski and linking the space of square integrable functions on the real line with the so-called true-poly-Fock spaces [24, Theorem 2.5] (see also [1, 2] ). The considered true-poly-Fock spaces can in fact be realized as the
of the magnetic Schrödinger operator
The kernel function in (2) is in fact the exponential generating function involving the product of the real H ν m (x) in (3) and the univariate complex Hermite polynomials (UCHP)
We have to reconsider this in Section 2 and provide a direct and simpler proof of a general form of such exponential generating function (Theorem (4.2)). The incorporation of the parameter ν is fairly interesting for its physical meaning. In fact, it can be interpreted as the magnitude of a constant magnetic field applied perpendicularly to the Euclidean plane.
The standard Hilbert space L 2,ν (R) on the real line can also be connected to the two-dimensional Bargmann-Fock space F 2,ν (C 2 ) by considering the special one-toone transform
. Its image is characterized as
which can also be identified to the space of slice (left) regular functions on the quaternions leaving invariant the slice C i C (see [5] for details). Moreover, this transform can be realized as G ν = B 2,ν • B 1,ν , where B 1,ν is as in (1) and B 2,ν is the two-dimensional Segal-Bargmann transform given by
and makes the quantum mechanical configuration space L 2,ν (C) unitarily isomorphic to the phase space 
Statement of main results
In the present paper, we introduce two integral transforms in the framework of specific functional Hilbert spaces by means of the generating functions of the UCHP in (5). We study their basic properties and identify their images. The first one is a non-trivial two-dimensional integral transform of Segal-Bargmann type. It is defined by
. Its inverse is given by
Moreover, we have
As immediate consequence of (10), we get
holds for every integers m, n such that mn ≥ 1.
We also recover the specific integral representation of the kernel function e νzw (the reproducing property),
Taking into account the orthogonal Hilbertian decomposition
n (C), a quite natural question arises of whether the image of F 2,ν n (C) by the transform T ν can be characterized. In fact, the following holds making use of (10).
Proposition 3.3. We have
Interesting integral transforms can be derived as special cases of T ν , including those obtained by restriction. For example, one can consider the restriction operators to the diagonal and the "anti-diagonal" of C 2 or also to C × {0}. They are defined respectively by R
The following result shows in particular that the operators R ν + and (
which is the L 2,ν (C) version of the standard Fourier transform F ν on L 2,0 (C) with
Theorem 3.4. We have the formulas
The identity (15) shows that the shifted Fourier transform F ν in (14) is imbedded in the reducible representation of the unitary group U (1) := {θ ∈ C; |θ| = 1} on the two-dimensional Bargmann-Fock space F 2,ν (C 2 ) defined by Γ θ ψ(z, w) := ψ(θz, θw). Moreover, from (10) and (15), we can prove the following Proposition 3.5. The UCHP form an orthogonal eigenfunction basis of F ν with
Notice also that the integral operator T ν is closely related to the two-dimensional Segal-Bargmann transform in (7) as well as to the Wigner transform
The transform W ν is connected with the phase space formulation of quantum mechanics and Weyl correspondence [7, 20, 23] . We consider the standard action of the group of 2 × 2 matrices M 2 (C) defined by
on C 2 that we extend to functions on C 2 by considering Γ g f (z, w) := f (g · (z, w)), and notice that (18) 
where U (2) is the subgroup of 2 × 2 unitary matrices. The formula (19) 
The second integral transform we deal with is new and connects the generalized Bargmann-Fock spaces F 2,ν n (C) and F 2,ν n (C). It is defined by
In particular, the integral operator T 
4. Abstract formalism for the coherent states transforms and application
The proofs of Theorems 3.1 and 3.7 are subject to a general principle issued from the framework of coherent states transform. A brief review of this principle presented in the sequel is taken from [8, 13] . Let (H X ; ω X ) be an infinite dimensional complex functional Hilbert space on X with an orthogonal basis {e n } n with respect to the inner scaler product
for given weight measure ω X . In a similar way we consider (H Y ; ω Y ) with an orthogonal basis {f n } n and assume that H Y is in addition a reproducing kernel Hilbert space with reproducing kernel K(y, y ). Associated to the data (H X ; ω X ; {e n } n ) and (H Y ; ω Y ; {f n } n ), we perform the following kernel function T :
It is straightforward to check that T (·, y), T (·, y ) H X reduces further to K(y, y ), the reproducing kernel function of H Y . Moreover, the map y ∈ Y −→ T (·, y) ∈ H X defines a quantization of Y into H X . Thus, we can consider the integral transform
for every φ ∈ H X . This transform maps H X onto H Y and satisfies
α n e n ∈ H X , where β n := α n e n H X / f n H Y . Moreover, it is readily easy to see that
Thereby, T defines a isometric linear transform from H X onto H Y and the function
In addition, we have the following integral representation
The above formalism is then applied in [17] to recover the result in [24, Theorem 2.5] that we can reworded as follows 
Here H ν n (x) (resp. H ν m,n (z, z)) are the real (resp. univariate complex) Hermite polynomials in (3) (resp. (5)). Such polynomials are the rescaled version of the real (resp. complex) Hermite polynomials H n (resp. H m,n ) corresponding to ν = 1in the sense that
The generating function (26) is a general form of the one obtained in [17, Proposition 4.2] . The proof we present below is different, direct and simpler than one provided in [17] . 
we obtain
Now, by utilizing the fact
as well as the well-known identity
we can rewrite the above sum as
Finally, the desired result follows thanks to (27).
of Theorem 4.1. The kernel function associated to the Hilbert space L 2,ν (R) and the generalized Bargmann-Fock space F 2,ν n (C) is given by 
By means of the generating function (26) we get
The proof follows by the coherent states formalism presented above. . Therefore, according to the principle described in the previous section, the corresponding kernel function
To conclude for Theorem 3.1, we need only to make use of the exponential generating function [10] (30) (8) and (14) . The formula (15) follows by explicitly computing the action (
Indeed, making use of (9) giving the inverse of the transform T ν and by twice application of the integral formula (12) we obtain
where F ν is as defined in (14) . This completes the proof.
of Theorem 3.6. The proof of B 2,ν = Γ gi T ν follows by direct computation starting from Γ gi T ν ψ(z, w) = T ν ψ (z + iw, z − iw) and next using the identity
Indeed, we obtain
which is noting but the integral transform B 2,ν given by (7) . To prove (19), we rewrite T ν W ν as
with ξ = x + iy ∼ (x, y). By the definition (17) of W ν and the Gaussian integral formula, we get
thanks to the change of variables X = y + To conclude, it suffices to see that T
, where g i is the matrix in (18) .
of Theorem 3.7. We apply the coherent states formalism described in Section 3. Indeed, the kernel function in the integral transform T ν n,n defined by (20) ,
is in fact the exponential generating function involving the product of H ν m,n and H ν m,n , which for varying m, are special orthogonal bases of the generalized BargmannFock spaces F 2,ν n (C) and F 2,ν n (C), respectively. More precisely, we make use of Theorem 3.8.
of Theorem 3.8. Notice for instance that it is easy to see that the Rodrigues' formula (5) infers
Subsequently, we can check that
Using successively the variant (31) of the Rodrigues' formula as well as the generating function (37), one gets
Now, if t is assumed to belong to the unit circle, the above identity can be rewritten as
In the right-hand side of the previous equality we recognize (32) . Thus, the expression of G ν m,m (t; z, w) reduces further to the desired result (24).
Concluding remarks
We have investigated some new integral transforms using the coherent states transform formalism. The first one connects L 2,ν (C) to the two-dimensional BargmannFock space F 2,ν (C 2 ). This is the non-trivial version of the two-dimensional SegalBargmann transform. The second transform connects any two generalized BargmannFock spaces F Using similar arguments as the ones used here, we are able to establish the following generating function involving the product u m t n H ν m,n (z, z)H ν n,m (w, w). Theorem 6.1. For every t in the unit circle, |t| = 1, and complex numbers u, z, w ∈ C such that ν|u| < 1, we have 
